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Abstract
In this article, we consider a gauge-theoretic equation on compact
symplectic 6-manifolds, which forms an elliptic system after gauge fix-
ing. This can be thought of as a higher-dimensional analogue of the
Seiberg–Witten equation. By using the virtual neighbourhood method
by Ruan [R], we define an integer-valued invariant, a 6-dimensional
Seiberg–Witten invariant, from the moduli space of solutions to the
equations, assuming that the moduli space is compact; and it has no
reducible solutions. We prove that the moduli spaces are compact if the
underlying manifold is a compact Ka¨hler threefold. We then compute
the integers in some cases.
1 Introduction
Let X be a compact symplectic 6-manifold with symplectic form ω. We take
an almost complex structure J compatible with the symplectic form ω. We
fix a Spinc-structure s on X. We denote the characteristic line bundle for s
by ξ. Then there exists a line bundle L such that ξ = L2⊗K−1X , where K−1X
is the anti-canonical bundle of X. Let A′ be a connection on ξ = L2⊗K−1X .
We write A′ = Ac + 2A, where Ac is the canonical connection on K−1X ,
which is fixed, and A is a connection of a line bundle L. We then consider
the following equations on compact symplectic 6-manifolds (see Section 2
for more detail), seeking for a connection A of L, u ∈ Ω0,3(X), α ∈ C∞(L)
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2and β ∈ Ω0,2(L).
∂¯Aα+ ∂¯
∗
Aβ = 0, ∂¯Aβ = −
1
2
αu,
F 0,2A′ + ∂¯
∗u =
1
4
α¯β, ΛF 1,1A′ = −
i
8
(|u|2 + |β|2 − |α|2) ,
where Λ = (ω∧)∗.
Remark 1.1. Richard P. W. Thomas once considered similar equations
in [Th]. Our equations partially emerged out of discussion with Dominic
Joyce around the end of 2010 together with the computation in the proof of
Proposition 4.1.
These equations from an elliptic system with gauge fixing condition.
We expect they enjoy nice properties similar to the original Seiberg–Witten
equations such as the compactness of the moduli space.
In this article, we prove that the moduli spaces are compact if the under-
lying manifold is a compact Ka¨hler threefold. Hence, in this case, one can
define an integer nX(s) for a Spin
c-structure s, a 6-dimensional Seiberg–
Witten invariant, by using Ruan’s virtual neighbourhood method [R], if
there are no reducible solutions. We compute the numbers in some cases as
follows. These are analogues of those for the Seiberg–Witten invariants in 4
dimensions. Firstly, we have the following.
Theorem 1.2 (Corollary 4.13). Let X be a compact Ka¨hler threefold with
KX ≤ 0, and let s be a Spinc-structure on X with deg ξ < 0, where ξ is the
characteristic line bundle of the Spinc-structure. Then nX(s) = 0.
The assumption c2(X) = 0 is used to obtain the (virtual) dimension of
the moduli space to be zero.
For the case where KX > 0, we get the following.
Theorem 1.3 (Theorem 4.14). Let X be a compact Ka¨hler threefold with
KX > 0. Let sc be the Spin
c-structure coming from the complex structure.
We also assume that c2(X) = 0. Then nX(sc) = 1.
The organisation of this article is as follows. In Section 2, we briefly
describe Spinc-structures and the Dirac operators on compact symplectic
manifolds, and recall the Seiberg–Witten equation on compact symplectic
4-manifolds. Then we introduce our equation in six dimensions and describe
its linearisation. In Section 3, we introduce an integer-valued invariant,
which can be thought of as a 6-dimensional Seiberg–Witten invariant, from
3the moduli space of solutions to the equation by using Ruan’s virtual neigh-
bourhood method. We then consider the Ka¨hler case in Section 4. We see
that the equations reduce to the vortex type equations in this case. We then
describe the moduli space for the negative degree case. We also prove that
the moduli spaces are compact when the underlying manifold is a compact
Ka¨hler threefold, and compute the integers in some cases.
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2 Seiberg–Witten type equations on compact sym-
plectic 6-manifolds
2.1 Spinc-structure and the Dirac operator on compact sym-
plectic manifolds
A general reference for Spinc-structures and its Dirac operator is Lawson–
Michelsohn [LM].
Spinc-structure on compact symplectic manifolds. Let X be a com-
pact symplectic manifold of dimension 2n with symplectic form ω. We fix
an almost complex structure J compatible with ω. Note we have a metric of
the form g(·, ·) := ω(·, J ·). Any almost complex manifold has the canonical
Spinc structure associated with the almost complex structure, whose spinor
bundleS = S+ ⊕ S− is given by S+ = ⊕Λ0,even(X) and S+ = ⊕Λ0,odd(X);
and the characteristic line bundle ξ := det(S+) is given by Λ0,2 = K−1X .
Also for any Spinc structure on X, the spinor bundle S on X can be written
as
S+ = ⊕Λ0,even(X) ⊗ L, S− = ⊕Λ0,odd(X)⊗ L,
4by some line bundle L on X.
The Dirac operator on symplectic manifolds. The Dirac operator
DA′ associated to a connection A
′ on the characteristic line bundle ξ is
given by the following composition.
Γ(S)
∇A′−−→ Γ(T ∗X ⊗ S) g−→ Γ(TX ⊗ S) ρ−→ Γ(S),
where g is the metric defined as g(·, ·) := ω(·, J ·), and ρ is the Clifford
multiplication. In almost complex case, it is written as DA′ =
√
2(∂¯A+ ∂¯
∗
A),
where A is a connection on L.
2.2 The Seiberg–Witten equations on symplectic 4-manifolds
We recall the Seiberg–Witten equations in the original form first, which was
introduced by Witten [W] (see also [M]). Let M be a compact, oriented,
smooth 4-manifold. We fix a Riemannian metric and a Spinc structure on
M . We denote by S+ the half spinor bundle overM associated to the Spinc-
structure, and by ξ the characteristic line bundle det(S+) of the Spinc-
structure.
The Seiberg–Witten equations on M are equations seeking for a connec-
tion A′ of ξ and a section of S+ satisfying the following.
DA′ψ = 0, F
+
A′ =
1
4
τ(ψ ⊗ ψ∗),
where DA′ is the Dirac operator associated to the connection A
′, and F+A′ is
the self-dual part of the curvature FA′ of the connection A
′. Also τ is a map
τ : End (S+) → Λ+ ⊗ C defined as follows: By the Clifford multiplication
ρ : T ∗X → End(S+ ⊕ S−), we define a map Λ2 → End(S+) by ρ(v ∧ w) :=
1
2 (ρ(v)ρ(w) − ρ(w)ρ(v)). Note that ρ(v) for v ∈ T ∗X is a map from S+
to S− or the other way around. We then extend this complex linearly to
Λ+ ⊗ C→ End(S+). The map τ is defined by the adjoint of this.
We next consider these equations on a compact symplectic 4-manifold
with symplectic structure ω (see [Ta1], [Ta2], also [BG], [G2], [HT] and
[Ko]). We fix an almost complex structure compatible with ω. Then we
have the following decomposition of the self-dual part of the curvature.
F+A′ = F
2,0
A′ + F
0
A′ + F
0,2
A′ , where F
0
A′ is the ω-component of the curvature
FA′ . In addition, we can consider the canonical Spin
c structure whose char-
acteristic line bundle is K−1M = Λ
0,2(T ∗M ⊗ C). Using this canonical Spinc
structure, we can write the half-spinor bundle S+ for any Spinc structure as
5S+ = L⊕(L⊗K−1M ), where L is some complex line bundle onM . Let u0 ≡ 1
be a constant section ofX×C. We then have the canonical Spinc connection
Ac of K
−1
M which satisfies DAcu0 = 0, and each connection A
′ of the charac-
teristic line bundle is written by A′ = Ac + 2A, where A is a connection of
L. We write a spinor as ψ = ϕ0u0+ϕ2, where ϕ0 ∈ Γ(L), ϕ2 ∈ Γ(L⊗K−1).
Then the Seiberg–Witten equations becomes as follows.
∂¯Aϕ0 + ∂¯
∗
Aϕ2 = 0,
F 0,2A′ =
ϕ¯0ϕ2
2
, ΛF 1,1A′ = −
i
4
(|ϕ2|2 − |ϕ0|2),
where Λ := (∧ω)∗, also ϕ¯0ϕ2 ∈ Γ(K−1M ) = Ω0,2(X).
2.3 Equations in six dimensions
Let X be a compact symplectic 6-manifold with symplectic form ω. We
fix an almost complex structure J compatible with ω. We take a Spinc-
structure s on X, and denote by ξ the associated complex line bundle over
X.
There is a Spinc-structure canonically determined by J , which we denote
by sc. The corresponding line bundle for sc is given by the anti-canonical
bundle K−1X . For a Spin
c-structure s, there is a complex line bundle L, and
the corresponding line bundle for s, which we denote by ξ, can be written
as ξ = K−1X ⊗L2, and a connection A′ of ξ can be written as A′ = Ac +2A,
where Ac is a connection of K
−1
X and A is a connection of L.
We put C := A(ξ) × Ω0,3(X) × Ω0(X,L) × Ω0,2(X,L), where A(ξ) is
the set of all connections on ξ. We consider the following equations for
(A, u, (α, β)) ∈ C.
∂¯Aα+ ∂¯
∗
Aβ = 0, ∂¯Aβ = −
1
2
αu, (2.1)
F 0,2A′ + ∂¯
∗u =
1
4
α¯β, ΛF 1,1A′ = −
i
8
(|u|2 + |β|2 − |α|2) . (2.2)
We call G := Γ(X,U(1)) a gauge group. This is a set of all smooth
U(1)-valued functions. This group acts on solutions to (2.1) and (2.2) by
A′ 7→ A′ − g−1dg, u 7→ u, α 7→ gα, β 7→ gβ,
where g ∈ G. The equations (2.1) and (2.2) are equivariant under this
action, namely, if (A′, u, (α, β)) is a solution to the equations (2.1) and
(2.2), then so is g(A′, u, (α, β)) for any g ∈ G. We say two solutions
6(A′1, u1, (α1, β1)), (A
′
2, u2, (α2, β2)) are gauge equivalent if there exists a gauge
transformation g ∈ G such that (A′1, u1, (α1, β1)) = g(A′2, u2, (α2, β2)).
As in the Seiberg–Witten case, the stabilizer in G of (A, u, (α, β)) ∈ C is
trivial unless α = β = 0. We then define the following.
Definition 2.1. (A′, u, (α, β)) is said to be reducible if (α, β) ≡ 0. It is
called irreducible otherwise.
Note that the stabilizer group in the case of reducibles is the group of
constant maps from X to S1, namely, it is S1.
2.4 Linearisation
The differential of the equations at a solution (A, u, (α, β)) is given by
iΩ0(R)
L1−→ iΩ1 ⊕ Ω0,3(X)⊕ (Ω0,0(L)⊕ Ω0,2(L))
L2−→ (iΩ2 ∩ (Ω0,2 ⊕ Ω2,0)⊕ iΩ0ω)⊕ (Ω0,1(L)⊕ Ω0,3(L)) ,
where L1 and L2 are
L1(ig) = (2idg, ug,−iαg,−iβ)
L2(h, υ, (a, b)) = (P
+d(ih) − 1
8
iRe(aα¯)ω + ∂¯∗υ +
1
4
(αb¯ − α¯b+ 1
4
(βa¯− β¯a),
∂¯Aa+ ∂¯
∗
Ab+ π
0,1(ih)α/2, ∂¯Ab+ π
0,3ihβ/2 + αυ/2).
We can discard the zero-th order terms in the above by deforming this by a
homotopy. Note that deformations which do not change the symbol of the
complex maintains the Euler characteristic. Such a deformation of the above
complex gives us the direct sum of the following two elliptic complexes.
0 −→ Ω0(X, iR) d−→ Ω1(X, iR) ⊕ Ω0,3(X) P+d+∂¯∗−−−−−→ Ω+(X, iR) −→ 0, (2.3)
0 −→ Ω0,0(X,L) ⊕ Ω0,2(X,L) ∂¯A+∂¯
∗
A−−−−→ Ω0,1(X,L) ⊕ Ω0,3(X,L) −→ 0. (2.4)
where Ω+(X, iR) := Ω0(X, iR)ω ⊕ Ω2(X, iR) ∩ (Ω2,0 ⊕Ω0,2).
We then have the following.
Proposition 2.2. The virtual dimension of the moduli space M is given by
− 1
12
c1(X)c2(X)− 1
24
c1(L)
(
2c1(X)
2 + 2c2(X) + 6c1(L)c1(X) + 4c1(L)
2
)
.
(2.5)
7proof. The virtual dimension is the sum of the indices of (2.3) and (2.4)
with the opposite signs. Here, the index of (2.3) can be computed by the
following Dolbeault complex.
0 −→ Ω0,0(X) ∂¯−→ Ω0,1(X) ∂¯−→ Ω0,2(X) ∂¯−→ Ω0,3(X) −→ 0 (2.6)
by identifying Ω0(X)⊕Ω0ω with Ω0,0(X); and Ω1(X) with Ω0,1(X). Thus,
from the index theorems, we obtain the virtual dimension to be
−
∫
X
ch(L) · td(X)−
∫
X
td(X).
As ch(L) = 1 + c1(L) +
1
2c1(L)
2 + 16c1(L)
3 and td(X) = 1 + 12c1(X) +
1
12
(
c1(X)
2 + c2(X)
)
+ 124c1(X)c2(X), we get (2.5).
3 Invariant
Let X be a compact symplectic 6-manifold with symplectic form ω. We take
an almost complex structure compatible with ω, and a Spinc-structure c on
X with the characteristic line bundle ξ being K−1X ⊗ L2, where L is a line
bundle on X.
Moduli space. We fix p > 6 make the following to be smooth. Let ℓ
be a positive integer. We consider the following Sobolev completion of the
configuration space.
CLpℓ := ALpℓ (ξ)× L
p
ℓ (Λ
0,3)× Lpℓ ((Λ0,0 ⊕ Λ0,2)⊗ L),
where ALpℓ (ξ) is the space of L
p
ℓ -connections on ξ. We also consider L
p
ℓ+1-
completion of the space of gauge group G := Map(X,U(1)) to get smooth
action on the configuration space CLpℓ . We then take the quotient
MLpℓ := {(A, u, (α, β)) ∈ CLpℓ : (A, u, (α, β)) satisfies (2.1) and (2.2)}/GLpℓ+1 ,
and call it the moduli space of solutions to the equations (2.1) and (2.2).
We have the following.
Proposition 3.1. Fix p > 6. Let ℓ be either a positive integer or ∞. Let
(A, u, (α, β)) ∈ CLpℓ be a solution to the equations (2.1) and (2.2). Then
there exists a gauge transformation g ∈ GLpℓ+1 such that g(A, u, (α, β)) lies
in Lpℓ+1.
8proof. This is a consequence of a local slice theorem [U, Th. 1.3] (see also
[WK, Th. 8.1]) saying that there exists a smooth connection A0 and a gauge
transformation g ∈ GLpℓ+1 such that d
∗
A(g(A) −A0) = 0. Then the assertion
holds since the equations (2.1) and (2.2) with the above gauge condition
from an elliptic system.
Hence we abbreviate the Sobolev indices on the moduli space hereafter.
Virtual Neighbourhood. We consider the following case.
(A1) There are no reducible solutions; and
(A2) the moduli space is compact.
Assuming these (A1) and (A2), one can invoke the virtual neighbourhood
method by Ruan [R] to define an integer-valued invariant from the moduli
space. As for the condition (A1), we have the following.
Proposition 3.2. Let X be a compact symplectic 6-manifold, and let ξ be
the characteristic line bundle of a Spinc-structure on X. If deg ξ < 0, then
there are no reducible solutions to the equations.
proof. If α = β = 0, then it contradicts deg ξ < 0 as deg ξ = 116π
∫
X(|u|2 +
|β|2 − |α|2)vol. Thus, the assertion holds.
With regard to the condition (A2), we prove the moduli spaces are com-
pact when the underlying manifold is Ka¨hler in Section 4.3.
The general setting is as follows. Let B be a smooth Banach manifold,
and let F be a smooth Banach bundle over B. Also we consider a nonlinear
elliptic differential operator F : B → F .
Definition 3.3 ([R]). A triple (B,F , F ) is said to be a compact smooth
triple if F−1(0) is compact.
In our case, we put B := C/G, F := Lp1(Λ+⊗ iR)×Lp1((Λ0,1⊕Λ0,3)⊗L),
where Λ+ := Λ0ω ⊕ (Λ2 ∩ (Λ2,0 ⊕ Λ0,2)) and F : B → F defined by the
equations (2.1) and (2.2). Then, if the condition (A1) and (A2) are satisfied,
this (B,F , F ) forms a compact-smooth triple.
From this compact-smooth triple, one can construct a virtual neighbour-
hood (U,Rk, S) of M as in [R] with U being a smooth neighbourhood of
dimension −ind(L) + k, where L is the linearised operator of the equations
(2.1) and (2.2), and k ∈ Z≥0 such that M × {0} ⊂ U ⊂ B × Rk, and
S : U → Rk with S−1(0) = M. Here, the orientation of U is given by
9orienting the determinant line bundle det(L) of the linearised operator L
from an orientation of H0(X, iR),H1(X, iR),H0,3(X) and H+(X, iR). One
can then define a virtual neighbourhood invariant µF in [R] as follows. (i)
For ind(L) = 0, µF is defined to be the algebraic counting of points in
S−1(y) for a regular value y; and (ii) for −ind(L) > 0, µF is defined as
µF : H
−ind(L)(B,Z) → Z by µF (α) := α([S−1(y)]) for a regular value y,
where α ∈ H−ind(L)(B,Z). In [R, Prop. 2.6], Ruan proved that the above
µF is independent of y and a triple (U,R
k, S).
Invariant. We denote by C∗ the open subset of C consisting of irreducible
equivalence classes. We consider the subgroup G0 of G consisting of all gauge
transformations which are trivial on the fibre over a fixed point x ∈ X. This
is the kernel of the morphism G → S1 defined by evaluating on the fibre over
x. We then consider the quotient B0 := C∗/G0. This is the total space of a
principal S1-bundle, we denote it by ℓ, over B∗. Then we define an integer
nX(c) by (i) µF if ind(L) = 0; (ii) µF (c1(ℓ)
−ind(L)/2) if −ind(L) > 0; and
(iii) 0 if −ind(L) < 0.
Examples are given in the next section.
4 Invariants for compact Ka¨hler threefolds
We describe the equations on compact Ka¨hler threefolds in Section 4.1. In
Section 4.2, we describe the moduli spaces for the case deg ξ < 0, where ξ
is the characteristic line bundle for a Spinc-structure on a compact Ka¨hler
threefold. In Section 4.3, we prove that the moduli spaces are compact if
the underlying manifold is a compact Ka¨hler threefold. In Section 4.4, we
compute the integers nX(c) defined in Section 3 in some cases.
4.1 The equations on compact Ka¨hler threefolds
Firstly, we have the following.
Proposition 4.1. Let X be a compact Ka¨hler threefold. Then the equations
(2.1) and (2.2) reduce to the following.
∂¯Aα = ∂¯Aβ = ∂¯
∗
Aβ = αu = 0, (4.1)
F 0,2A′ = ∂¯
∗u = α¯β = 0, iΛF 1,1A′ =
1
8
(|u|2 + |β|2 − |α|2) (4.2)
10
proof. Using the second equation in (2.1), we get
||∂¯Aβ||2L2 = 〈β, ∂¯∗A∂¯Aβ〉L2
=
1
2
〈β,−∂¯∗A(αu)〉L2
= −1
2
〈β ∧ ∂¯Aα¯, u〉L2 −
1
2
〈β, (∂¯∗Au)α〉L2 ,
(4.3)
where we used ∂¯∗A = ∗¯∂¯A∗¯ at the last identity. The second term in the last
line of the above (4.3) can be computed as follows.
〈β, (∂¯∗u)α〉L2 = 〈β,−F 0,2A′ α〉L2 +
1
4
|||α||β|||2L2
= 〈β,−∂¯A∂¯Aα〉L2 +
1
4
|||α||β|||2L2
= 〈β, ∂¯A∂¯∗Aβ〉L2 +
1
4
|||α||β|||2L2
= ||∂¯∗Aβ||2L2 +
1
4
|||α||β|||2L2 .
(4.4)
On the other hand, from the first equation in (2.2) and the identity ∂¯AF
0,2
A =
0 which holds for an integrable complex structure, we get
∂¯∂¯∗u =
1
4
(∂¯Aα¯) ∧ β + 1
4
α¯∂¯Aβ.
From this we obtain
||∂¯∗u||2L2 = 〈u, ∂¯∂¯∗u〉L2
=
1
4
〈u, (∂¯Aα¯) ∧ β〉L2 +
1
4
〈u, α¯∂¯Aβ〉L2
=
1
4
〈u, (∂¯Aα¯) ∧ β〉L2 −
1
8
|||α||u|||2L2 .
(4.5)
Hence, from (4.3), (4.4) and (4.5), we get
||∂¯Aβ||2L2 + 2||∂¯∗u||2L2 +
1
4
|||α||u|||2L2 +
1
2
||∂¯∗Aβ||2L2 +
1
8
|||α||β|||2L2 = 0.
Thus, the assertion holds.
We define the degree of ξ by
deg ξ := c1(ξ) · [ω2] = i
2π
∫
X
FA′ ∧ ω2.
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Proposition 4.2. Let X be a compact Ka¨hler threefold, and let ξ be the
characteristic line bundle of a Spinc-structure on X. Let (A, u, (α, β)) be a
solution to the equations (2.1) and (2.2). Then the following holds.
(i) If deg ξ < 0, then β ≡ 0 and u ≡ 0.
(ii) If deg ξ > 0, then α ≡ 0.
(iii) If deg ξ = 0, then α ≡ 0, β ≡ 0, u ≡ 0.
proof. From α¯β = 0, either α or β is zero on some open subset of X, thus
either α or β is zero on the whole of X by unique continuation as ∂¯Aα = 0
and ∂¯Aβ = ∂¯
∗
Aβ = 0. Similarly, from αu = 0, either α or u is zero on an
open set in X, so either α or u is zero on X again by unique continuation
as ∂¯Aα = 0 and ∂¯
∗u = 0. On the other hand, from the second equation in
(4.2), we have
deg ξ =
i
2π
∫
X
FA′ ∧ ω2 = 1
16π
∫
X
(|u|2 + |β|2 − |α|2) vol. (4.6)
Firstly, we consider the case deg ξ < 0. In this case, because of (4.6),
α ≡ 0 contradicts deg ξ < 0, thus we have α 6≡ 0. Then, from the above
reasoning in the top of this proof, we get β ≡ 0, u ≡ 0.
Secondly, we consider the case deg ξ > 0. In this case, if β ≡ 0 and
u ≡ 0, we get a contradiction again from (4.6). Thus, β 6≡ 0 or u 6≡ 0, and
therefore α ≡ 0.
Finally, we consider the case deg ξ = 0. If α 6≡ 0, then we get β ≡ 0, u ≡
0; and this results in deg ξ < 0. Hence α ≡ 0. Then, as α ≡ 0, again from
(4.6), we get β ≡ 0 and u ≡ 0.
From Proposition 4.2 (iii) above, we immediately get the following.
Proposition 4.3. Let X be a compact Ka¨hler threefold, and let ξ be the
characteristic line bundle of a Spinc-structure on X. Let (A, u, (α, β)) be
a solution to the equations (2.1) and (2.2). Then, if deg ξ = 0, the moduli
space is isomorphic to H1(X,R)/H1(X,Z).
proof. From Proposition 4.2 (iii), we get α ≡ β ≡ u ≡ 0, thus the equa-
tions reduce to the Hermitian–Einstein equations. Then, from the Hitchin–
Kobayashi correspondence of the Hermitian–Einstein connection for line
bundles, the moduli spaceM is identified with the moduli space of holomor-
phic structures on ξ. Since ξ is topologically trivial, it is then isomorphic to
H1(X,R)/H1(X,Z).
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4.2 The moduli space for the negative degree case
Let X be a compact Ka¨hler threefold. In this subsection, we describe the
moduli space M of solutions to the equations (4.1) and (4.2) for the case
deg ξ < 0, where ξ is the characteristic line bundle of a Spinc-structure on
X. In this case, from Proposition 4.2, we have β ≡ 0 and u ≡ 0. Thus the
equations reduce to the vortex equations (see [Br] and [G1]). We have the
following description of the moduli space, which was originally obtained by
Thomas [Th] in the context of the Seiberg–Witten equations on compact
Ka¨hler threefolds.
Proposition 4.4 ([Th], Th. 2.6). Let X be a compact Ka¨hler threefold, and
let c be a Spinc-structure on X with deg ξ < 0, where ξ is the characteristic
line bundle of the Spinc-structure. Then the moduli space of solutions to the
equations (4.1) and (4.2) can be identified with
⋃
ξ PH
0
(
X, (KX ⊗ ξ)1/2
)
,
where the union is taken through all holomorphic structures on ξ.
proof. This is derived from a result by Bradlow [Br, Th. 4.3]. For the original
Seiberg–Witten case, the corresponding result was described by Witten [W]
(see also [FM, §2]).
Firstly, we fix a hermitian metric k on ξ and a section α ∈ Γ(X,L). We
then vary the hermitian metric by eu, where u is a real-valued function. The
induced unitary connection on ξ can be written as Ak + 2∂u, where Ak is a
unitary connection on ξ induced from the metric k, and the second equation
in (4.2) becomes
∆u+
1
8
|α|2ke2u = −iΛFAk , (4.7)
where ∆ is the negative definite Laplacian on functions. From the assump-
tion that deg ξ < 0, we have
∫
X −iΛFAkdV > 0 and also 18 |α|k is strictly pos-
itive somewhere. Thus, as in [Br], we can invoke results by Kazdan–Warner
[KW] to deduce that there exists a unique solution u to the equation (4.7).
Hence, for each fixed non-trivial section of (KX ⊗ ξ)1/2, we have a solution
to the equations (4.1) and (4.2).
On the other hand, two sections differed by a non-zero constant are gauge
equivalent solutions; and two gauge equivalent solutions α and α′ represent
the same point in PH0
(
X, (KX ⊗ ξ)1/2
)
since holomorphic automorphisms
of a holomorphic line bundle consist of only non-zero constant functions.
Hence the assertion holds.
Poincare´ invariants. There is an algebraic counterpart of the Seiberg–
Witten invariants, called Poincare´ invariants, by Du¨rr, Kabanov and Okonek
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[DKO]. These are defined through the Hilbert schemes of divisors on a
smooth projective variety. They constructed a perfect obstruction theory
in the sense of Behrend and Fantechi [BF] on the Hilbert schemes under
some assumptions, and defined the Poincare´ invariants as virtual intersec-
tion numbers on the Hilbert schemes, which are consequently deformation
invariants. The assumptions are satisfied for smooth projective surfaces, and
the invariants were proved to be equivalent to the Seiberg–Witten invariants
(see [DKO], [CK] for more detail).
The invariants can be defined other than the surfaces. In fact, Du¨rr,
Kabanov and Okonek constructed the perfect obstruction theory under the
assumption that H i(OD(D)) = 0 for all i > 1 and for any point D in
the Hilbert scheme of divisors on a smooth projective variety with a fixed
topological type [DKO, Th. 1.12]. (Note that the obstruction space is
H1(OD(D)).) The above assumption is satisfied in the case we are de-
scribing in this subsection (i.e. the case for deg ξ < 0) for example with
X being a compact Calabi–Yau or Fano threefold as below. (This was also
mentioned in [DKO, Remark 1.13].)
We consider the following short exact sequence.
0 −→ OX −→ OX(D) −→ OD(D) −→ 0.
From this, we get
· · · −→ H1(OX(D)) −→ H2(OD(D)) −→ H2(OX) −→ H2(OX(D)) −→ · · · .
(4.8)
Here, we think of OX(D) as L. If KX ∼= O or KX < 0 and deg ξ < 0, then
degL < 0 as L2 = KX ⊗ ξ. Thus from the Kodaira vanishing theorem, we
obtain H i(OX(D)) = 0 for i < 3. Hence, from this and (4.8), we get
H2(OD(D)) ∼= H2(OX).
From the Serre duality, we have H2(OX ) ∼= H1(KX)∨. Hence, if X is a
compact Calabi–Yau or Fano threefold, H2(OD(D)) = 0. (This is deduced
fromH1(KX) ∼= H1(OX) = 0 for the Calabi–Yau case, and from the Kodaira
vanishing theorem for the Fano case.) Therefore, one can construct the
Poincare´ invariants of Du¨rr, Kabanov and Okonek in these cases.
4.3 Compactness of the moduli space
In this subsection, we prove that the moduli spaces of solutions to the equa-
tions (2.1) and (2.2) are compact when the underlying manifold is a com-
pact Ka¨hler threefold. In order to do that, we first introduce the following
rescaled equations.
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Rescaled equations. LetX be a compact Ka¨hler threefold. We introduce
a scaling parameter s > 0 to the equation (4.1) and (4.2) as follows.
∂¯Aα = ∂¯Aβ = ∂¯
∗
Aβ = αu = 0, (4.9)
F 0,2A′ = ∂¯
∗u = α¯β = 0, iΛF 1,1A′ =
s
8
(|u|2 + |β|2 − |α|2) . (4.10)
Similar rescaled equations for the Seiberg–Witten equations on com-
pact symplectic four-manifolds were introduced by Taubes in [Ta1] (see also
[Ta2]), and the ones for the vortex equations and its asymptotic of solutions
as s→∞ were studied by Baptista [Ba1], [Ba2] and Liu [L].
We define the moduli space of solutions to the equations (4.9) and (4.10),
which we denote by M(s), in the same way as we do that for the equations
(2.1) and (2.2). Note that the presence of the parameter s does not affect
the statements thus far. We prove the following below.
Proposition 4.5. Let X be a compact Ka¨hler threefold. Then the moduli
space M(s) is compact if s is sufficiently large.
Since (A, u, (α, β)) 7→ (A,√su,√s(α, β)) gives a bijection betweenM(s)
and M =M(1), we get the following.
Corollary 4.6. Let X be a compact Ka¨hler threefold. Then the moduli space
M of solution to the equations (4.1) and (4.2) is compact.
We prove Proposition 4.5 in three steps (I), (II) and (III) below. In the
rest of this subsection, constants denoted by C or D do not depend on the
parameter s.
(I) Bounds on |α|, |β| and |u|. We prove L∞-bounds on α, β and u.
Firstly, we consider the case deg ξ < 0 case. In this case, from Proposi-
tion 4.2, we have β ≡ 0 and u ≡ 0. We also have the following point-wise
estimate on α.
Lemma 4.7. Let X be a compact Ka¨hler threefold, and let ξ be the charac-
teristic line bundle of a Spinc-structure on X. Let (A, u, (α, β)) be a solution
to the equations (4.9) and (4.10). Then, if deg ξ < 0 then |α| ≤ C/√s, where
C is a positive constant which depends upon the curvature of the canonical
connection on K−1X .
proof. For α ∈ Ω0,0(X,L), we have the following from the Ka¨hler identity
(see e.g. [Ko, § 2.2] or [DK, § 6.1.3]).
∂¯∗A∂¯Aα =
1
2
∇∗A∇Aα−
1
2
i(ΛFA)α. (4.11)
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Then, using the equations (4.1) and (4.2), we obtain
0 =
1
2
∇∗A∇Aα−
1
2
(
−1
2
FK−1X
− s
8
|α|2
)
α.
On the other hand, we have 12∆|α|2 = 〈∇∗A∇Aα,α〉 − |∇Aα|2, where ∆
is the Laplacian on functions. Thus, we get
1
2
∆|α|2 + |∇Aα|2 = −1
2
FK−1X
|α|2 − s
8
|α|4.
From the maximum principle, if x0 is a local maximum of |α|2(x), as the
Laplacian is non-negative at a maximum, we obtain
−1
2
FK−1X
(x0)|α|2(x0)− s
8
|α|4(x0) ≥ 0.
Thus, we get either |α|2(x0) = 0 or |α|2(x0) ≤ −4FK−1X (x0)/s. Hence the
assertion holds.
If deg ξ > 0, from Proposition 4.2, we have α ≡ 0. In this case, similar
to Lemma 4.7, we have the following point-wise estimate on β.
Lemma 4.8. Let X be a compact Ka¨hler threefold, and let ξ be the charac-
teristic line bundle of a Spinc-structure on X. Let (A, u, (α, β)) be a solution
to the equations (4.9) and (4.10). Then, if deg ξ > 0 then |β| ≤ C/√s, where
C is a positive constant which depends upon the curvature of the canonical
connection on K−1X and of a connection on Λ
0,2. In addition, there exists a
constant D > 0, which depends on the metric of the underlying manifold X
and deg ξ such that |u| ≤ D/s.
proof. For β ∈ Ω0,2(X,L), we have the following again from the Ka¨hler
identity.
∂¯∗A∂¯Aβ + ∂¯A∂¯
∗
Aβ =
1
2
∇˜∗A∇˜Aβ +
1
2
i(Λ(F ′ + FA))β, (4.12)
where ∇˜A is the unitary connection of Λ0,2⊗L, and F ′+FA is the curvature
of ∇˜A. Then, using the equations (4.9) and (4.10), we obtain
0 =
1
2
∇˜∗A∇˜Aβ +
1
2
(
i(ΛF ′)− 1
2
FK−1X
+
s
8
(|u|2 + |β|2)
)
β,
Thus, again using the maximum principle, if x1 is a local maximum of
|β|2(x), then we get
−1
2
(
i(ΛF ′)− 1
2
FK−1X
)
|β|2(x1)− s
16
(|u|2(x1) + |β|2(x1)) |β|2(x1) ≥ 0.
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Thus, either |β|2(x1) = 0 or |β|2(x1) + |u|2(x1) ≤
(
−4iΛF ′ + 4FK−1X
)
/s.
Hence we get |β| ≤ C/√s for a constant C > 0.
We next prove the bound on u. From theWeitzenbo¨ck formula, u satisfies
〈∇∇∗u, u〉 ≤ C|u|2, where C > 0 is a constant which depends on the metric
of the underlying manifold X. Hence, from a maximum principle, we get
|u| ≤ C ∫X |u|2. On the other hand, from (4.6), s ∫X |u|2 is bounded by deg ξ
in this case. Thus the assertion holds.
(II) Estimate on the curvature. We next prove the following estimate
on the curvature.
Proposition 4.9. Let (A, u, (α, β)) a solution to the equations (4.9) and
(4.10). Then there exists a constant C > 0 such that |FA| ≤ C if s is large
enough.
This type of estimate was obtained by Taubes [Ta2, Prop. 2.4] in the
case of the Seiberg–Witten equations on compact symplectic four-manifolds
(see also Kanda [Ka, Prop. 6.1]). Our proof goes in a similar way to those
in [Ta2] and [Ka] except that we have the extra terms coming from u in the
equations.
From Proposition 4.2, either α vanishes or β and u do if deg ξ 6= 0. But,
in the following, in order to avoid the proof becoming longer, we deal with
the two cases simultaneously, namely, α, β and u appear at the same time.
Proof of Proposition 4.9. We write F+A′ := F
2,0
A′ +F
0
A′+F
0,2
A′ , where F
0
A′ is the
ω-component of the curvature, and denote by F⊥A′ the orthogonal component
of FA′ to F
+
A′ so that FA′ = F
+
A′ + F
⊥
A′ . An L
∞-bound for F+A′ comes from
the equation (4.10) and the L∞-bounds on α, β and u in Lemmas 4.7 and
4.8. We thus prove an L∞-bound for F⊥A′ below.
From the Bianchi identity, we have
dF+A′ + dF
⊥
A′ = 0.
Thus, by the Weitzenbo¨ck formula, we obtain
1
2
∇∗∇F⊥A′ +RF⊥A′ = −P⊥d∗dF+A′ , (4.13)
where P⊥ is the orthogonal projection to the compliment of the self-dual
part, and R ∈ Hom(Λ⊥,Λ⊥) depends on the metric of the underlying man-
ifold. From (4.9) and (4.10), the right hand side of (4.13) becomes the
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following.
P⊥d∗d
{
− is
8
(|α|2 − |β|2)} = − is
8
P⊥
(
∂∗∂ + ∂¯∗∂¯
) (|α|2 − |β|2 − |u|2)ω
= −s
4
P⊥
(
∂¯∂|α|2 + ∂∂¯|β|2 + ∂∂¯|u|2|) .
Hence (4.13) becomes
1
2
∇∗∇F⊥A′ +RF⊥A′
= −s
4
〈F⊥A α,α〉L −
s
4
〈
(
F⊥A + FΛ0,2
)
β, β〉Λ0,2⊗L −
s
4
〈FK−1X u, u〉K−1X
+
s
4
P⊥
{
〈dAα, dAα〉L + 〈d∇˜Aβ, d∇˜Aβ〉Λ0,2⊗L + 〈d∇u, d∇u〉K−1X
}
.
Taking the inner product of the above with F⊥A , and using (∆|F |)|F | ≤
〈∇∗∇F,F 〉, we obtain the following.(
1
2
∆ +
s
4
(|α|2 + |β|2 + 1)
)
|F⊥A′ |
≤
(
|R|+ s
4
)
|F⊥A′ |+
s
4
|β|2|FΛ0,2 |+
s
4
|u|2|FK−1X |
+
s
4
∣∣∣P⊥ {〈dAα, dAα〉L + 〈d∇˜Aβ, d∇˜Aβ〉Λ0,2 + 〈d∇u, d∇u〉〉K−1X
}∣∣∣
≤
(
|R|+ s
4
)
|F⊥A |+ Cs|β|2 + Cs|u|2 +
s
4
√
2
(
|∇Aα|2 + |∇˜Aβ|2 + |∇u|2
)
.
Putting φ0 :=
s
4
√
2
(|α|2 + |β|2 + |u|2 + 1) and R′ := |R|+ s4 , we get(
1
2
∆ +
s
4
(|α|2 + |β|2 + 1)
)(
|F⊥A′ | − φ0
)
≤ R′|F⊥A′ |. (4.14)
We next consider a solution φ to the following equation.(
1
2
∆ +
s
4
(|α|2 + |β|2 + 1))φ = R′|F⊥A′ |. (4.15)
From a maximal principle with (4.14) and (4.15), we get
|F⊥A′ | ≤ φ0 + φ. (4.16)
We next bound ||φ||L2(X) by supX φ. Multiplying φ to (4.15), and adding
− s4
(|α|2 + |β|2)φ2, we get
1
4
∆φ2 +
1
2
|∇φ|2 + s
4
|φ|2 = R′|F⊥A′ |φ−
s
4
(|α|2 + |β|2)φ2.
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Then, using Ho¨lder inequality to each term of the right hand side of the
above equation, we get
1
4
∆φ2 +
s
12
|φ|2 ≤ 6
s
R′|F⊥A′ |2 +
3
16
s
(|α|2 + |β|2)2 (sup
X
φ
)2
.
Hence we obtain∫
X
|φ|2 ≤ C
{
1
s2
∫
X
|F⊥A′ |2 +
1
s
(
sup
X
φ
)2 ∫
X
s
(|α|2 + |β|2)2
}
.
Here, we have ∫
X
{
|F+A′ |2 − |F⊥A′ |2
}
= 〈c31(ξ), [X]〉.
Therefore we get
||φ||L2(X) ≤
C
s
+
C
s
sup
X
φ.
We next introduce a function ψ ∈ L22 which satisfies(
1
2
∆ +
s
4
(|α|2 + |β|2 + 1))ψ = R′|F⊥A′ | (|α|2 + |β|2 + 1) . (4.17)
By using a maximum principle for ψ− 4sR′ supX |F⊥A |, where R0 := supX R′,
we get
sup
X
ψ ≤ 4
s
R0 sup
X
|F⊥A′ |. (4.18)
From (4.15) and (4.17), we have(
1
2
∆+
s
4
(|α|2 + |β|2 + 1)) (φ− ψ) = R′|F⊥A′ | (|α|2 + |β|2) .
As in [Ka], we use the following form of the maximum principle by
Gilberg–Trudinger (see [Ka, Th. 6.6]).
Theorem 4.10 ([GT]). Let D := −aij ∂∂xi ∂∂xj + bj ∂∂xj + c be an elliptic
operator defined on the unit ball in R6 and satisfy the following condition.
(1) Let A be a symmetric matrix (aij)ij . There exist positive constants
λ1 ≥ λ2 such that λ1|ξ|2 ≥ ξtAξ ≥ λ2|ξ|2 for all ξ ∈ R6. In other
word, A is uniformly positive definite.
(2) There exists λ3 ≥ 0 such that |b| ≤ λ3 and c ≥ −λ3.
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Then there exists a positive constant C ′ which depends only on λ1, λ2 and
λ3 with the following significance. If f ∈ C2(B1) obeys the differential in-
equality Df ≤ g on B+1 ⊂ B1, then it follows that
sup
B1/2
f ≤ C ′
(
||f ||L2(B+
1
) + ||g||L6(B+
1
)
)
,
where B+1 denotes the subset {x ∈ B1 : f(x) ≥ 0}.
Let x ∈ X be the point which attains the maximum of φ−ψ. Then from
Theorem 4.10, we get
sup
X
(φ− ψ) = sup
B1/2(x)
(φ− ψ)
≤ C {||φ||L2(X) + ||ψ||L2(X)
+ sup
X
|F⊥A′ | · || |α|2 + |β|2||L6(X)}
≤ C
{
C
s
+
C
s
(
sup
X
φ
)
+
C
s
sup
X
|F⊥A′ |
}
.
On the other hand, from (4.18), we have
sup
X
φ− C
s
sup
X
|F⊥A′ | ≤ sup
X
(φ− ψ) .
Thus,
sup
X
φ− C
s
sup
X
|F⊥A′ | ≤ C
{
C
s
+
C
s
(
sup
X
φ
)
+
C
s
sup
X
|F⊥A′ |
}
.
So, (
1− C
s
)
sup
X
φ ≤ C
s
+
C
s
sup
X
|F⊥A′
Hence, if s is large enough, we get
sup
X
φ ≤ C
(
1
s
+
1
s
sup
X
|F⊥A′ |
)
.
Therefore, from (4.16), we get
sup
X
|F⊥A′ | ≤ C,
if s is large enough. Thus the assertion holds.
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(III) Proof of Proposition 4.5. Once the L∞-bound on the curvatures
is obtained, the rest of the argument will be rather standard. The following
argument is modeled on ones by [CGMS, Th. 3.2] and [WJ, pp. 61–67].
From Proposition 4.9, the curvatures FAi are uniformly bounded in L
p
for p > 1. Thus, from [U, Th. 1.5] (see also [WK, Th. A]), there exist gauge
transformations gi ∈ GLp
2
and a constant C > 0 such that
||gi(Ai −A0)||Lp
1
≤ C.
We also have an Lp2-bound on gi(αi, βi) as (αi, βi) has L
∞-bound. Hence we
get a weak limit (A, u, (α, β)) in Lp1 after taking a subsequence if necessary.
From Proposition 3.1, there exists a gauge transformation g ∈ GLp
2
such that
g(A, u, (α, β)) is smooth. Hence we suppose that the limit (A, u, (α, β)) is
smooth.
We then invoke the local slice theorem [U, Th. 1.3] (see also [WK,
Th. 8.1]), namely, we find hi ∈ GLp
2
with d∗A(hi(Ai) − A) = 0 for each i
and a constant C > 0 such that the following hold for each i.
||hi(Ai)−A||L∞ ≤ C||Ai −A||L∞ , ||hi(Ai)−A||Lp
1
≤ C||Ai −A||Lp
1
.
In addition, {hi} is uniformly bounded in Lp2. Then we replace (Ai, ui, (αi, βi))
by hi(Ai, ui, (αi, βi)). For this sequence, we have the gauge condition d
∗
A(Ai−
A) = 0 with a uniform Lp1-bound with L
p
2-gauges. Thus, the elliptic estimate
yields the following.
||Ai −A||Lpℓ ≤ Cℓ, ||(ui, (αi, βi))||Lpℓ ≤ Cℓ
for each ℓ ≥ 1 and all i, where Cℓ’s are positive constants. Hence the
assertion holds.
4.4 Some computations
In the previous subsection, we proved that the moduli spaces are compact
in the Ka¨hler case. Hence the assumption (A2) in Section 3 is satisfied in
this case. Regarding the assumption (A1) in Section 3 on reducibles, we
have Proposition 3.2 for compact symplectic 6-manifolds. In addition, the
following holds if the underlying manifolds are Ka¨hler threefolds.
Proposition 4.11. Let X be a compact Ka¨hler threefold, and threefold, and
let ξ be the characteristic line bundle of a Spinc-structure on X. If deg ξ > 0
and KX < 0, then there are no reducible solutions to the equations.
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proof. If deg ξ > 0, then α ≡ 0 from Proposition 4.2. Since we assume that
KX < 0, we have u ≡ 0. Suppose now for a contradiction that β ≡ 0. Then
we get deg ξ = 0 again from (4.6). This is a contradiction. Hence β 6≡ 0.
Therefore, in these cases, one can define the integers nX(c) in Section
3 from the moduli space M. We compute some of them below. These are
analogies of those for the Seiberg–Witten invariants, presented as Proposi-
tion 7.3.1 in [M].
Firstly, we have the following.
Proposition 4.12. Let X be a compact Ka¨hler threefold with KX ≤ 0, and
let c be a Spinc-structure on X with deg ξ < 0, where ξ is the character-
istic line bundle of the Spinc-structure. Then there are no solutions to the
equation (4.1) and (4.2). Namely, the moduli space is empty in this case.
proof. Suppose for a contradiction that there is a solution (A, u, (α, β)) to
the equation (4.1) and (4.2). Since deg ξ < 0, we get β ≡ 0 and u ≡ 0
from Proposition 4.2. As α is a holomorphic section of L, we get degL > 0.
However, this contradicts the fact that L2 = KX ⊗ ξ has negative degree.
Thus, the assertion holds.
Hence, we get the following.
Corollary 4.13. Let X be a compact Ka¨hler threefold with KX ≤ 0, and
let c be a Spinc-structure on X with deg ξ < 0, where ξ is the characteristic
line bundle of the Spinc-structure. Then nX(c) = 0.
For the case KX > 0, we have the following.
Theorem 4.14. Let X be a compact Ka¨hler threefold with c2(X) = 0. Let
sc be the Spin
c-structure coming from the complex structure. Assume that
KX > 0. Then nX(sc) = 1.
proof. Since sc is the Spin
c-structure coming from the complex structure,
the corresponding line bundle ξ is K−1X . As we assume that KX > 0, thus
deg ξ < 0; and β ≡ 0 and u ≡ 0. Because L is trivial in this case, we only
have a solution (A0, α0), where A0 is the canonical connection of ξ, and α0
is a non-zero, constant section of L. Thus the moduli space M contains
only a single point.
We then prove that the moduli spaceM is smooth, and its dimension is
zero. Firstly, the index (2.5) vanishes, since we assume that c2(X) = 0, and
c1(L) = 0 as L is trivial. Thus, the dimension of the moduli space is zero,
if it is smooth.
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We next prove that the moduli space is actually smooth. The proof goes
in a similar way of that presented in [M, pp. 119–122] for the Seiberg–Witten
case except that we have the extra terms coming from u in the equations.
Firstly, recall that the following elliptic complex of the Atiyah–Hitchin–
Singer type in Section 2.4.
iΩ0(R)
L1−→ iΩ1 ⊕ Ω0,3(X)⊕ (Ω0,0(L)⊕ Ω0,2(L))
L2−→ (iΩ2 ∩ (Ω0,2 ⊕ Ω2,0)⊕ iΩ0ω)⊕ (Ω0,1(L)⊕ Ω0,3(L)) .
We denote by H0,H1,H2 the cohomology of the above complex. We now
consider the above L1 and L2 at (A0, 0, (α0, 0)). Then they become as
follows.
L1(ig) = (2idg, 0,−iα0g, 0)
L2(h, υ, (a, b)) = (P
+d(ih) − 1
8
iRe(aα¯0)ω + ∂¯
∗υ +
1
4
(α0b¯− α¯0b),
∂¯a+ ∂¯∗b+ π0,1(ih)α0/2, ∂¯b+ α0υ/2).
Firstly, since α0 is a non-zero constant section, the kernel of L1 is trivial.
Thus, H0 = 0.
We next assume that L2(h, υ, (a, b)) = 0. Then, from the second com-
ponent of ∂¯L2(h, υ, (a, b)) = 0, we get ∂¯∂¯
∗b+ 12 ∂¯(π
0,1(ih)α0) = 0, where we
used ∂¯∂¯ = 0 and ∂¯α0 = 0.
On the other hand, we have ∂¯(π0,1(ih)) = (d(ih))0,2 = −∂¯∗υ + α¯0b2 . In
addition, from the third component of ∂¯∗L2(h, υ, (a, b)), we obtain ∂¯∗∂¯b +
1
2α0∂¯
∗υ = 0. Thus, we get
∂¯∂¯∗b+ ∂¯∗∂¯b+
1
4
|α0|2b = 0.
By taking L2-inner product of this with b, we get ||∂¯∗b||2L2 + ||∂¯b||2L2 +
1
4 ||α¯0b||2L2 = 0. Thus, ∂¯∗b = ∂¯b = 0, α¯0b = 0. As α0 6= 0, we get b ≡ 0
by the unique continuation.
We next write ih = χ¯−χ by some χ¯ ∈ Ω0,1(X,C). Then L2(ih, υ, (a, b)) =
0 becomes
P+(∂χ¯− ∂¯χ)− i
2
Re(aα¯0)ω + ∂¯
∗υ = 0, (4.19)
∂¯a+
1
2
χ¯α0 = 0, α0υ = 0. (4.20)
23
We now write a = (p+ iq)α0, where p and q are real-valued functions. Then
by adding La(iq) to (ih, υ, (a, b)), we can make a = pα0. By this, the first
equation of (4.19) is now
∂¯(pα0) +
1
2
χ¯α0 = 0.
From this, χ¯ = −2∂¯(pα0). Putting this into (4.20), we get 4∆p + p = 0.
Thus, we get p = 0. Hence ih = 0 and υ = 0. Thus, the kernel of L2 is in
the image of L1. Therefore H
1 = 0.
As we mentioned in the second paragraph of this proof, the index of the
elliptic complex is zero; and since H0 = H1 = 0 as computed above, we
conclude that H2 = 0. Thus, nX(sc) = ±1.
We then determine the sign of the number nX(sc). As in [M, p.121], we
decompose the operator L1 and L2 as L1 = L1 +M1, L2 = L2 +M2, where
L1 = (2d, 0), L2 = (P
+d+ ∂¯∗, ∂¯+ ∂¯∗), andM1 andM2 are operators of order
zero. We denote by Hi the space of harmonic forms defined by Li. Then
the orientation of the determinant bundle of the elliptic complex is given by
that of Hi’s, which are induced by the given orientations on H i(X, iR) and
H0,i(X). Hence the sign of the determinant bundle at the solution is that
of the following complex.
0 −→ H0(X, iR) −→
H1(X, iR)⊕H0,3(X,C)
⊕
H0,0(X,C)⊕H0,2(X,C)
−→
H0,2(X,C) ⊕H0(X, iR)ω
⊕
H0,1(X,C) ⊕H0,3(X,C)
−→ 0.
In the above, the maps H1(X, iR) → H0,1(X,C), H0,3(X) → H0,3(X,C)
and H0,2(X,C) → H0,2(X,C) are orientation preserving isomorphisms in-
duced by M2. Thus, by factoring through these isomorphisms, we get
0 −→ iR −→ C −→ iR −→ 0,
where the first map is minus the inclusion and the second map is i/8 times
the real part. Hence, with the given orientation, the sign of the determinant
of this complex is +1.
24
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